Abstract This paper deals with balanced domain decomposition by constraints (BDDC) method for solving large-scale linear systems of algebraic equations arising from the space-time finite element discretization of parabolic initial-boundary value problems. The time is considered as just another spatial coordinate, and the finite elements are continuous and piecewise linear on unstructured simplicial space-time meshes. We consider BDDC preconditioned GMRES methods for solving the spacetime finite element Schur complement equations on the interface. Numerical studies demonstrate robustness of the preconditioners to some extent.
Introduction
Continuous space-time finite element methods for parabolic problems have been recently studied, e.g., in [1, 9, 10, 13] . The main common features of these methods are very different from those of time-stepping methods. Time is considered to be just another spatial coordinate. The variational formulations are studied in the full spacetime cylinder that is then decomposed into arbitrary admissible simplex elements. In this work, we follow the space-time finite element discretization scheme proposed in [10] for a model initial-boundary value problem, using continuous and piecewise linear finite elements in space and time simultaneously.
It is a challenge task to efficiently solve the large-scale linear system of algebraic equations arising from the space-time finite element discretization of parabolic problems. In this work, as a preliminary study, we use the balanced domain de-composition by constraints (BDDC [2, 11, 12] ) preconditioned GMRES method to solve this system efficiently. We mention that robust preconditioning for space-time isogeometric analysis schemes for parabolic evolution problems has been reported in [3, 4] .
The remainder of the paper is organized as follows: Sect. 2 deals with the spacetime finite element discretization for a parabolic model problem. In Sect. 3, we discuss BDDC preconditioners that are used to solve the linear system of algebraic equations. Numerical results are shown and discussed in Sect. 4. Finally, some conclusions are drawn in Sect. 5.
The space-time finite element discretization
The following parabolic initial-boundary value problem is considered as our model problem: Find u : Q → R such that
where Q := Ω × (0, T), Ω ⊂ R 2 is a sufficiently smooth and bounded computational domain, Σ := ∂Ω × (0, T),
Let us now introduce the following Sobolev spaces:
Using the classical approach [7, 8] , the variational formulation for the parabolic model problem (1) reads as follows:
where
Remark 1 (Parabolic solvability and regularity [7, 8] (2), where V 
Q)} and continuously depends on t in the norm of the space H 1 0 (Ω). To derive the space-time finite element scheme, we mainly follow the approach proposed in [10] . Let V h = span{ϕ i } be the span of continuous and piecewise linear basis functions ϕ i on shape regular finite elements of an admissible triangulation T h . Then we define
Integration by parts (the first part) with respect to the space and summation lead to
Since n x · ∇ x u is continuous on inner boundary of K, n x = 0 on Σ 0 ∪ Σ T , and
holds, where
With the restriction of the solution to the finite-dimensional subspace V 0h , the spacetime finite element scheme reads as follows: Find u h ∈ V 0h such that
Thus, we have the Galerkin orthogonality:
Remark 2 Since we use continuous and piecewise linear trial functions, the integrand −θ K h K ∆ x u h ∂ t v h vanishes element-wise, which simplifies the implementation.
Remark 3 On fully unstructured meshes
. In this work, we have used θ = 0.5 and θ = 2.5 on uniform meshes for testing robustness of the BDDC preconditioners.
It was shown in [10] that the bilinear form
. Furthermore, the bilinear form is bounded on
. Let l and k be positive reals such that l ≥ k > 3/2. We now define the broken Sobolev space
. 
Using the Lagrangian interpolation operator
Π h mapping H 1,1 0,0 (Q) ∩ H k (Q) to V 0h , we obtain u − u h h ≤ u − Π h u h + Π h u − u h h . The term u − Π h u h canbe bounded by means of the interpolation error estimate, and the term Π h u − u h h by using ellipticity, Galerkin orthogonality and boundedness of the bilinear form. The discretization error estimate u− u h h ≤ C( K ∈T h h 2(l−1) K |u| 2 H l (K)
Two-level BDDC preconditioners
After the space-time finite element discretization of the model problem (1), the linear system of algebraic equations reads as follows:
, where N denotes the number of polyhedral subdomains Ω i from a non-overlapping domain decomposition of Ω. In system (5), we have decomposed the degrees of freedom into the ones associated with the internal (I) and interface (Γ) nodes, respectively. We aim to solve the Schur-complement system living on the interface: [12] (see also details in [5] ), Dohrmann's (two-level) BDDC preconditioners P BDDC for the interface Schur complement equation (6) , originally proposed for symmetric and positive definite systems in [2, 11] , can be written in the form
where the scaled operator R D,Γ is the direct sum of restriction operators R i D,Γ mapping the global interface vector to its component on local interface Γ i := ∂Ω i ∩ Γ, with a proper scaling factor.
Here the coarse level correction operator T 0 is constructed as
with the coarse level basis function matrix Φ = (Φ 1 ) T , · · · , (Φ N ) T T , where the basis function matrix Φ i on each subdomain interface is obtained by solving the following augmented system:
with the given primal constraints C i of the subdomain Ω i and the vector of Lagrange multipliers on each column of Λ i . The number of columns of each Φ i equals to the number of global coarse level degrees of freedom, typically living on the subdomain corners, and/or interface edges, and/or faces. Here the restriction operator R i Π maps the global interface vector in the continuous primal variable space on the coarse level to its component on Γ i .
The subdomain correction operator T sub is defined as
with vanishing primal variables on all the coarse levels. Here the restriction operator R i Γ maps global interface vectors to their components on Γ i .
Numerical experiments
We use u(x, y, t) = sin(πx) sin(πy) sin(πt) as exact solution of (1) in Q = (0, 1) 3 ; see the left plot in Fig. 1 . We perform uniform mesh refinements of Q using tetrahedral elements. By using Metis [6] , the domain is decomposed into N = 2 k , k = 3, 4, ..., 9, non-overlapping subdomains Ω i with their own tetrahedral elements; see the right plot in Fig. 1 . The total number of degrees of freedom is (2 k + 1) 3 , k = 4, 5, 6, 7. We run BDDC preconditioned GMRES iterations until the relative residual error reaches 10 −9 . Three variants of BDDC preconditioners are used with corner (C), corner/edge (CE), and corner/edge/face (CE F) constraints, respectively. The number of BDDC preconditioned GMRES iterations and the computational time measured in seconds [s] are given in Table 1 , with respect to the number of subdomains (row-wise) and number of degrees of freedom (column-wise). Since the system is unsymmetric but positive definite, the BDDC preconditioners do not show the same typical robustness and efficiency behavior when applied to the symmetric and positive definite system [14] . Nevertheless, we still observe certain scalability with respect to the number subdomains (up to 128), in particular, with corner/edge and corner/edge/face constraints. For θ = 2.5, we see improvement of BDDC preconditioners with respect to the number of GMRES iterations and computational time; see Table 2 . Further, we observe improved scalability with respect to the number of subdomains as well as number of degrees of freedom.
Conclusions
In this work, we have applied two-level BDDC preconditioned GMRES methods to the solution of finite element equations arising from the space-time discretization of a parabolic model problem. We have compared the performance of BDDC preconditioners with different coarse level constraints for such an unsymmetric, but positive definite system. The preconditioners show certain scalability provided that θ is sufficiently large. Future work will concentrate on improvement of coarse-level corrections in order to achieve robustness with respect to different choices of θ. 
